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ABSTRACT
Motivated by models suggesting that the inner planet forming regions of protoplane-
tary discs are predominantly lacking in viscosity-inducing turbulence, and are possibly
threaded by Hall-effect generated large-scale horizontal magnetic fields, we examine
the dynamics of the corotation region of a low-mass planet in such an environment.
The corotation torque in an inviscid, isothermal, dead zone ought to saturate, with
the libration region becoming both symmetrical and of a uniform vortensity, leading
to fast inward migration driven by the Lindblad torques alone. However, in such a
low viscosity situation, the material on librating streamlines essentially preserves its
vortensity. If there is relative radial motion between the disc gas and the planet, the
librating streamlines will no longer be symmetrical. Hence, if the gas is torqued by a
large scale magnetic field so that it undergoes a net inflow or outflow past the planet,
driving evolution of the vortensity and inducing asymmetry of the corotation region,
the corotation torque can grow, leading to a positive torque. In this paper we treat
this effect by applying a symmetry argument to the previously studied case of a mi-
grating planet in an inviscid disc. Our results show that the corotation torque due to
a laminar Hall-induced magnetic field in a dead zone behaves quite differently from
that studied previously for a viscous disc. Furthermore, the magnetic field induced
corotation torque and the dynamical corotation torque in a low viscosity disc can be
regarded as one unified effect.
Key words: planets and satellites: dynamical evolution and stability – planet–disc
interactions – protoplanetary discs.
1 INTRODUCTION
The gravitational interaction between a forming planet and
its nascent protoplanetary disc becomes important as the
planet approaches the Earth’s mass, leading to angular mo-
mentum exchange and migration of the planet. For a non-
gap forming low mass planet, the net migration torque has
contributions from Lindblad and corotation torques that
normally have opposite signs (see Kley & Nelson 2012;
Baruteau et al. 2014, for recent reviews). The Lindblad con-
tribution arises from the excitation of spiral density waves,
and almost always drives inwards migration (e.g. Goldre-
ich & Tremaine 1980). The corotation torque arises from
? E-mail: c.mcnally@qmul.ac.uk (CPM)
coorbital material undergoing horseshoe orbits, and gener-
ally drives outwards migration in the presence of negative
radial entropy and/or vortensity gradients in the disc (Ward
1991; Masset 2001; Paardekooper & Mellema 2008; Baruteau
& Masset 2008). To date, migration theory has largely con-
sidered viscous discs, and in the absence of sufficient disc
viscosity it is known that the corotation torque saturates
(i.e. switches off), leaving only the Lindblad torque to drive
rapid inwards migration (Paardekooper et al. 2011).
When taking into account non-ideal magnetohydrody-
namics, recent studies have shown that protoplanetary discs
do not behave in detail like viscous α-discs. Models sug-
gest that if the disc is threaded by a weak net vertical field,
ambipolar and Ohmic diffusion yield a largely magnetically
dead disc, with an essentially laminar flow, and accretion
© 2017 The Authors
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primarily driven by a disc wind launched from a narrow,
highly ionized region near the disc surfaces (Bai & Stone
2013; Gressel et al. 2015). In addition, in the dead zone lo-
cated at stellocentric distances 0.5 . R . 10 au, the Hall
effect can be large and active when the background vertical
field is aligned with the rotation of the disc (Wardle & Ng
1999; Pandey & Wardle 2008), creating significant laminar
horizontal magnetic fields that generate an associated radial
Maxwell stress (Bai & Stone 2013; Lesur et al. 2014; Be´thune
et al. 2017). In this work, we consider the problem of low
mass planet migration in a wind-driven protoplanetary disc
(Bai & Stone 2013; Bai 2013, 2014a,b; Lesur et al. 2014; Bai
2015; Simon et al. 2015; Bai et al. 2016; Bai 2016; Be´thune
et al. 2017). Given that the wind is launched from high alti-
tudes in the disc, it is unlikely that this will have a significant
effect on the migration of a low mass planet located at the
midplane, so we are specifically interested in the scenario
when the Hall effect, by enabling the Hall-shear instability
(Kunz 2008; Kunz & Lesur 2013) in the main planet forming
region of a protoplanetary disc, leads to the generation of a
midplane laminar Hall stress (Bai 2014b; Lesur et al. 2014;
Xu & Bai 2016; Be´thune et al. 2017). While the magneto-
thermal wind is driving accretion at the ionized surface, the
Maxwell stress due to the laminar spiral fields generated
through the Hall-shear instability can drive radial flows at
the midplane, and hence affect the corotation torque acting
on a low mass planet.
Ignoring for a moment the effect of Hall-generated fields,
when the dead zone is very magnetically decoupled (low
magnetic Reynolds and Elsasser numbers), and where it
has a long enough cooling time to be stable against the
Goldreich-Schubert-Fricke instability (or vertical shear in-
stability, VSI) (Goldreich & Schubert 1967; Fricke 1968;
Urpin & Brandenburg 1998; Nelson et al. 2013) and lacks a
sufficiently favourable entropy gradient to drive the convec-
tive overstability (Klahr & Hubbard 2014; Lyra 2014) the
dead zone has very low effective viscosity. This combination
of conditions would be expected in the inner part of the disc,
at ∼ 0.5 − 10 au (Simon et al. 2015; Lin & Youdin 2015), al-
though variations between discs are likely to occur due to
varying ionization chemistry and thermodynamics. If a low
mass planet is introduced to this part of a disc the properties
of the material trapped on librating horseshoe streamlines in
the corotation region have two important attributes. First,
the material becomes well mixed, such that any initial ra-
dial vortensity gradient is removed on a few libration times
(Ward 1991, 1992), and secondly, the libration region has a
long memory of the initial vortensity contained within it as
no viscosity mixes the vortensity with the surrounding disc.
For a planet in a fixed position relative to a radially unmov-
ing disc, the librating streamlines are symmetric in azimuth
about the planet’s position, and the orbital phase-mixing of
the librating material results in a saturation, or cancelling
to zero, of the torque due to the corotation region. However,
if the corotation region is not symmetrical about the planet
position, the asymmetry of the material on the leading and
trailing horseshoe turns results in a corotation torque, even
when the librating material is well phase mixed. Such a sit-
uation can be realized with a migrating planet, where the
motion of the planet and history of the corotation region re-
sult in a dynamical corotation torque (Paardekooper 2014),
even in an inviscid disc. 1
In this paper, we consider the effect of a laminar Hall-
effect generated spiral magnetic field in the dead zone, and
its associated Maxwell stress, on the corotation torque act-
ing on a non-migrating planet in an inviscid disc. We ex-
pect the Maxwell stress to generate a radial flow in the disc,
which may act similarly to the above mentioned moving
planet in an inviscid disc, by generating a sustained coro-
tation torque. Prior to undertaking a full analysis of the
problem in three-dimensions with all the non-ideal magne-
tohydrodynamic (MHD) effects included, our approach here
is to explore this scenario using a reduced two-dimensional
model in which a steady spiral magnetic field is obtained in
the disc midplane by a balance between winding of radial
magnetic field and field diffusion due to Ohmic resistivity.
The paper is organized as follows. In Section 2 we de-
rive an analytical approximation for the corotation torque,
by first constructing a reduced model of the Hall-stress dom-
inated dead zone, then after considering the relative magni-
tudes of the relevant length and time-scales we derive a for-
mula for the evolution of the corotation torque. In Section 3
we describe numerical models and experiments that verify
the assumptions made in the analytical treatment and the
torque formula derived. We discuss our results in Section 4
and draw conclusions in Section 5.
2 ANALYTICAL TREATMENT
Our model for the corotation torque requires two parts.
First, an appropriate reduced model of a protoplanetary disc
dead zone where the Hall-shear instability is maintaining a
laminar spiral magnetic field that drives radial flow of the
gas. Secondly, an evaluation of the evolution of the corota-
tion torque given this background disc model. The param-
eters of the reduced disc model inform the construction of
the corotation torque approximation.
2.1 Reduced model of dead zone
Our concept of a Hall-effect modified dead zone draws on lo-
cal (Bai 2014b; Lesur et al. 2014; Xu & Bai 2016) and global
models (Be´thune et al. 2017) of wind-driven protoplanetary
discs including the Hall effect. Where the disc rotation vec-
tor Ω and the background magnetic field B0 are aligned, or
Ω · B0 > 0, a strong laminar field can develop, and as a pro-
totypical example we take that realized in Xu & Bai (2016)
their fig. 5 or similarly Lesur et al. (2014) their fig. 9. Impor-
tantly, the field is so dominated by the azimuthal and radial
components that it lies nearly purely in the plane of the
disc. Moreover, the radial component of the field is nearly
constant with height in the central two scale heights of the
disc. Thus, to reduce the model to a two-dimensional radial-
azimuthal one, we take that the radial field is simply imposed
by the Hall-shear instability acting where the magnetic field
1 This differs from the hypothesis suggested by (Ward 1991, 1992)
where the vortensity gradient was conjectured to be maintained
if the planet were to drift across the corotation region in a time-
scale short compared to the libration time.
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has important variations above the midplane. Also, being in
two dimensions and requiring that ∇·B = 0 dictates that the
radial magnetic field obey Br ∝ r−1. The Hall stress need not
be the main driver of accretion, or even driving in the same
direction as the net accretion, since the wind contribution
at the disc surface may be dominant. As the main action of
the Hall effect in this weakly-coupled regime is in generating
the radial field, and in this instability process the unstable
wave vectors are directed vertically, we proceed to drop the
Hall terms, and retain only Ohmic diffusion, which limits
how the imposed radial field can wind up to form a spiral.
Thus, having chosen a two dimensional radial-azimuthal
configuration, assuming a thin disc, and imposing a radial
magnetic field, we can proceed to construct an approxi-
mate power-law solution for an equilibrium steady state.
In doing this, we will impose the constraint that the ac-
cretion rate is constant with radius. In the thin disc, the
non-dimensional scale height h ≡ H/r is small h  1, and so
the azimuthal velocity of the gas is approximately Keplerian.
We thus assume Keplerian rotation with the azimuthal ve-
locity vK = Ω0(r/r0)−1/2 where Ω0 is the Keplerian angular
velocity at radius r0, and a power law in surface density Σ
given by
Σ = Σ0
(
r
r0
)−α
, (1)
where r is the cylindrical radius and r0 is a reference radius.
We can then take the induction equation as
∂B
∂t
= ∇ × (v × B − ηJ) (2)
J ≡ 1
µ0
∇ × B (3)
where B is the magnetic field, t is time, v is the gas ve-
locity, J is the current density, η is the Ohmic resistivity
and µ0 is the vacuum permeability (note this is the SI for-
mulation, Ohmic diffusivity is η/µ0), and solve for a steady
state ∂B/∂t = 0, with an imposed Keplerian flow. Requiring
a constant accretion rate with radius gives
Br = B0
(
r
r0
)−1
(4)
Bφ = −2B0Ω0r20
µ0
η
(
r
r0
)−1/2
(5)
with the radial velocity as
vr = −
2B20r
2
0
ηρLzr
, (6)
where Σ = ρLz , ρ is the midplane density, and we take Lz
to be a constant in these models. In practice, this approxi-
mation is neither exact or a numerical equilibrium, and we
allow the disc to relax from this initial condition to a numer-
ical equilibrium before introducing a planet. Further details
of such procedures are given in Section 3.1.
We comment here that most of our production run mod-
els that are presented in Section 3 will be run with a body
force that replaces and mimics the Lorentz force due to
the magnetic field, and do not use this magnetic field con-
figuration explicitly. The explicit use of this approximate
magnetic field solution in this work is to establish that al-
though it is physically self-consistent, the feedback of the
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Figure 1. Illustrative variation of τdiff/τU−turn (shown logarithmi-
cally) for the representative disc model described in the text. The
two white contours show τdiff/τU−turn = 0.1, 1.
planet-perturbed flow on to the magnetic field configura-
tion is so weak that the induction equation can consistently
be dropped from our models, since there is essentially no
time evolution of the magnetic field once the equilibrium
described by equations (4) and (5) has been established.
Although this magnetic field configuration is very spe-
cific, we will show theoretically in Section 2.2.1 and numer-
ically in Section 3.2 that the large resistivity of the Ohmic
dead zone implies that the corotation torque only depends
on the effective body force which changes the angular mo-
mentum of the disc gas, not the details of the magnetic
field configuration itself. Hence, even though our models
are constructed following a spiral magnetic field, the results
depend only on the net force exerted on the fluid. Thus,
if the radial flow were instead driven by vertical Maxwell
stresses (〈BzBφ〉) but still resulted in laminar inflow or out-
flow throughout the disc column, the results in this work
will still apply.
2.2 Analytical theory of the corotation torque
Given the description of the two dimensional equilibrium
disc model established in the previous subsection, we can
derive a theory for the corotation torque experienced by a
low-mass planet. First the appropriate regime for the ap-
proximations will be established by examining the relevant
length and time-scales, and then the detailed evolution of
the corotation region and torque will be derived.
2.2.1 Length and time-scales
For a low mass planet, the half-width of the corotation region
is reasonably approximated as
xs ≈ 1.2rp
√
q/h (7)
where rp is the planet’s radial position and q is the planet-
star mass ratio, or equivalently the mass of the planet in
units of the mass of the central star (Masset et al. 2006).
MNRAS 000, 1–12 (2017)
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Figure 2. Illustrative variation of the χ parameter for three discs
with Σ = 1700(r/(1 au))−1 g cm−2, flaring (scale height variation)
h = 0.05r1.1p , and varying mid-plane laminar Hall-stress driven
midplane accretion rates ÛMHM. The three white contours show
χ = 1, 10, 100.
We take as the characteristic time-scale of the libration re-
gion the time-scale for a fluid element on the separatrix at
distance xs away from the planet to make one libration
τlib =
4pi
xs |dΩ/dr | =
8pirp
3Ωp xs
, (8)
where Ω is the angular velocity of Keplerian orbits and Ωp is
the orbital velocity at the planet position. The approximate
diffusion time-scale of magnetic fields across the corotation
region is
τdiff =
x2s
η/µ0
. (9)
The U-turn, or horseshoe-turn, time-scale is approximately
(Baruteau & Masset 2008)
τU−turn ≈ hτlib. (10)
As the inner dead zone has overwhelmingly large Ohmic
diffusion (e.g. Gressel et al. 2015), we work in the limit
τdiff  τU-turn. Thus, we treat the magnetic field as a con-
stant, with no feedback on its configuration from the flow
around the planet. This is in contrast to Guilet et al. (2013)
where the regime considered for low mass migration in a
weakly magnetized laminar disc was τU-turn < τdiff < τlib/2.
Similarly, torques related to the magnetic resonances like
those seen in laminar, magnetized, but well-coupled discs
(Terquem 2003; Fromang et al. 2005) are not expected, as
MHD waves are strongly damped by the large Ohmic diffu-
sivity of the dead zone.
Comparing the two time-scales τdiff and τU-turn, one
can find the critical value of resistivity for this ordering of
time-scales to apply as being
(η/µ0)crit ≈ 3 × 10−5 (q/2 × 10
−5)3/2
(h/0.05)5/2 Ω0r
2
0 . (11)
Using the chemical network and ionization sources described
in detail in Gressel et al. (2011, 2012, 2013), based originally
on model 4 in Ilgner & Nelson (2006), we have computed
the equilibrium ionization fraction, and resulting resistiv-
ity profile, in a representative disc model, from which we
have calculated the ratio τdiff/τU−turn as a function of planet
mass and orbital location. The results are shown in Fig. 1,
and clearly demonstrate that for low mass planets we ex-
pect to be comfortably in the regime τdiff/τU−turn < 1. The
disc model adopted is Σ(R) = Σ0R−1/2, normalized such that
Σ(5 au) = 150 g cm−2, and H/R = 0.05 throughout the disc,
with a dust-to-gas ratio of 10−3 in well-mixed small micron-
sized grains.
In comparison, the critical resistivity level for MRI ac-
tivity, defining the edge of the dead zone is given by the
Ohmic Elsasser number
Λ ≡ v
2
A
(η/µ0)Ω0
(12)
=
B/√µ0ρ
(η/µ0)Ω0
(13)
where the strength of the magnetic field can be parametrized
in terms of the plasma beta
β ≡ P
B2/(2µ0)
=
2c2s
v2
A
(14)
which gives
(η/µ0)crit,MRI ≈
c2s
βΩ0
≈ 10−5
( (cs/0.05)2
(β/100)
)
Ω0r
2
0 . (15)
Hence, we find that reasonable disc models with properties
similar to the minimum mass solar nebula are very clearly in
the regime Λ < 1 and τdiff/τU−turn < 1 for low mass planets,
as required by our model assumptions.
We define a time-scale, τf , which is approximately the
time for a fluid element to move across the radial extent of
the corotation region due to the radial flow at the midplane,
as
τf ≡
2xs
−vr , (16)
a sign convention chosen so that inward flow gives positive
flushing times. We expect the controlling parameter for the
MNRAS 000, 1–12 (2017)
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modification of the horseshoe torque to be the ratio of time-
scales between the libration time and the time for the torque
to flush the disc material past the planet. We give this di-
mensionless parameter the symbol χ, and define it by
χ ≡ τf
τlib
=
3(1.22)
8pi
Ω0η0ρ
B20
q
h
(17)
and note it can be expressed in terms of the parameters of
the planet and our disc model. The definition of τf is such
that χ is positive for disc material flowing radially inwards
with respect to the planet, and negative for disc material
flowing radially outwards with respect to the planet.
To describe an illustrative range of values of χ for dif-
ferent discs and planets, in Fig. 2 we show the values of χ
which would occur in an example disc with surface density
Σ = 1700(r/(1 au))−1 g cm−2, flaring (scale height variation)
h = 0.05r1.1p and varying values of the midplane laminar
stress driven mass accretion rate which we denote ÛMHM. The
overall accretion rate on to the star in steady-state will be
at least this value, and greater if a disc wind drives accretion
at the surface of the disc. Alternately, we can turn to local
shearing-box models including Ohmic and Ambipolar diffu-
sion and the Hall effect, such as those in Xu & Bai (2016)
their Table 1 and assume an Shakura-Sunyaev α scaling for
the stress with radius. For a planet with mass q = 5×10−6 at
1 au such assumptions yield χ = 1.5(αHM/10−3) where αHM
is the radial Maxwell stress of the laminar magnetic field
expressed as a Shakura-Sunyaev α. As this αHM is found
to be on the order of 10−3 − 10−4 in Xu & Bai (2016) it is
reasonable to expect significant values for χ in such discs.
This time-scale, τf , has a similar nature to the time-
scale relevant in dynamical corotation torques, that is the
time for a planet to migrate across the radial length equal
to the width of the corotation region. This has figured promi-
nently in the analysis of the corotation torque on migrating
planets in Masset & Papaloizou (2003) and Paardekooper
(2014). Indeed, from this same approach we can now derive
an analytical prediction of the corotation torque when disc
material is flowing past a non-migrating planet.
2.2.2 Torque formula
We restrict our attention to the case χ > 1, which is analo-
gous to slow migration for a moving planet in an untorqued
disc. If instead χ  1 the corotation torque modification
would be like the one envisioned by Ward (1991, 1992).
The dragging of disc gas by the Lorentz force will have
two effects. It will deform the librating streamlines in the
corotation region, and it will allow some disc gas to flow
past the planet from the outer disc to the inner disc, experi-
encing a single encounter with the planet as it does so. In the
χ  1 regime (equivalent to slow migration), we can approx-
imately describe the asymmetry of the librating streamlines
by how far inwards we expect the material initially passing
the planet at xs to move inwards under the influence of the
Lorentz force by the time it next encounters the planet (after
τlib/2):
ys = xs +
τlib
2
vr (18)
where xs is the earlier defined half-width of the corotation
region, and thus ys is the width of the narrower end of the
Figure 3. Schematic diagram of the integration contours used in
equation (19), with the χ > 0 case shown in particular so that
the asymmetry of the libration region (grey shading) is driven by
the magnetic field induced gas radial inflow. The flow is shown
in the frame corotating with the planet. Shown in blue dashes
are the cuts just in front and behind of the planet across the
corotation region with half-width xs , which behind the planet
(C1) includes material in the librating streamlines (grey shading),
and in front of the planet (C2) cuts through material inside the
librating streamlines and disc gas on flow-through streamlines
which only have a single close encounter with the planet (thin
red arrow, inside dotted black line).
librating streamlines. The narrow end of the island of librat-
ing streamlines is located azimuthally in front of the planet
in its orbit for χ > 0, but is behind it for χ < 0 as the
Lorentz force is dragging the disc gas outwards in that case.
Then, following Masset & Papaloizou (2003); Paardekooper
& Papaloizou (2009); Paardekooper (2014), we can represent
the corotation torque quite generally as a horseshoe torque.
A horseshoe torque derives from considering the asymmetry
of the horseshoe turns at each end of the librating stream-
lines, and the additional flow-through streamlines making
one horseshoe turn. The angular momentum transferred to
and from the planet by material on the horseshoe turns can
be expressed in terms of the inverse vortensity w in the coro-
tation region, and so this is evaluated along two contours C1
and C2 just in front of and behind the two horseshoe turns,
as shown schematically in Fig. 3. Specifically, the expression
given in equation 11 of Masset & Papaloizou (2003) for this
horseshoe torque is
Γhs =
3
4
rpΩ3p
∫ xs
0
[
wC1 (x) − wC2 (x)
]
x2dx , (19)
where Ωp is the Keplerian angular velocity at the planet
position. As the Lorentz force is a source of vortensity, this
approximation requires that the magnetically-induced radial
flow of gas is slow, as defined above. We also demonstrate
this more formally in Appendix A. We can then follow the
steps for simplifying this integral in the case of a low-mass
planet as performed by Paardekooper (2014) (now in the
case of a moving disc, instead of a moving planet), to arrive
MNRAS 000, 1–12 (2017)
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at
Γhs = 2pi
(
1 − wc(t)
w(rp)
)
Σpr2p xsΩp(−vr ) . (20)
Here, wc(t) is the representative inverse vortensity of the
well-mixed corotation region. The difference between the in-
tegral of inverse vortensity between the C1 contour sitting
in front of the planet and the C2 contour sitting behind the
planet is due to the narrowing asymmetry of the corotation
region, and hence the width of the strip of flow with the disc
background vortensity passing on flow-through streamlines
is included. Thus, although the prime issue is the asymmetry
of the corotation region and the value of the characteristic
vortensity of the libration region, the flow-through stream-
lines contribute to the torque through the width of this
strip. Nondimensionalizing the torque from equation (20) by
Γ0 = (q/h)2Σpr4pΩ2p, and introducing the parameter χ, yields
Γhs
Γ0
=
3
2
(
1 − wc(t)
w(rp)
) ( q
h
)−1/2 (1.2)3
χ
(21)
as an approximation for the horseshoe (corotation) torque
on a low mass planet when χ  1.
To make use of this expression we then need to derive
the evolution of the characteristic inverse vortensity wc of
the material trapped in the libration region. Here, we now
finally consider explicitly that vortensity is not conserved in
the disc when the Lorentz force due to the spiral magnetic
field is present, but instead this torque causes wc to slowly
evolve with time. Starting from the continuity equation and
the momentum equation in the (rotating) frame of the planet
∂Σ
∂t
+ ∇ · (Σv) = 0 (22)
∂v
∂t
+ (v · ∇)v + 2Ω × v = − 1
Σ
∇P − ∇Φ + Tφ
rΣ
φˆ (23)
Tφ = Lzr Jz × Br (24)
where P is the gas pressure, Φ is the gravitational potential,
and T is the torque due to the magnetic field integrated
over the height of the slab as in equation (6), we form the
evolution equation for absolute vortensity (e.g. Salmon 1998,
p. 197)
ωa ≡ ∇ × (v +Ω × r) (25)(
∂
∂t
+ v · ∇
) (ωa
Σ
)
=
[ωa
Σ
· ∇
]
v +
1
Σ
∇P × ∇ 1
Σ
+
1
Σ
∇ ×
(
T
rΣ
)
(26)
where ωa is the absolute vorticity. To apply this to our disc-
planet system, we identify two regimes:
(i) Outside closed streamlines and away from the planet,
the flow is time-steady, and the radial drift of gas due to the
Lorentz force ensures that
∂
∂t
(ωa
Σ
)
≈ 0 (27)
excepting the action of the weak shocks in the planet wake.
(ii) Inside closed streamlines, in a time averaged sense,
∂
∂t
(ωa
Σ
)
≈ 1
Σ
∇ ×
(
T
rΣ
)
(28)
as ωa · ∇v = 0 due to the two-dimensionality of the flow and
v · ∇(ωa/Σ) ≈ 0 as the internal gradients in the well-mixed
corotation region are small. For simplicity, we also assume
that the flow is barotropic.
Modelling the evolution of the inverse vortensity of the coro-
tation region wc with equation (28) yields
∂wc
∂t
= −w2c
[
1
Σ
∇ ×
(
T
rΣ
)]
(29)
which can be solved as
wc(t) = w(rp) [1 + t/τw]−1 (30)
τw =
4piχ
3(1.2)2Ω0
(
3
2
− α
)−1 ( q
h
)−1 ( rp
r0
)3/2
, (31)
using the inverse vortensity of the background disc model at
the planet position w(rp) as the initial value and introducing
the time-scale τw as the characteristic time for the vortensity
of the material trapped in the corotation region to evolve.
We can then use this form in equation (21) to calculate the
corotation torque on the planet. The total torque will be
the sum of this corotation torque and the Lindblad (wave)
torque.
Several aspects of these expressions should be noted:
(i) Γhs/Γ0 is positive for either sign of χ as the 1 −
wc(t)/w(rp) term changes sign with χ. Thus for discs with
α < 3/2 the change to the total torque is always positive,
either slowing the inward migration or pushing the planet
radially outwards.
(ii) Expanding equations (21) and (30) in powers of t
about zero shows the torque rises linearly with time at early
times, with the same value for both signs of χ.
(iii) The late time behaviour differs for each sign of χ.
For positive χ in an α < 3/2 disc the inverse vortensity wc
asymptotically decreases to zero, and the positive corotation
torque asymptotes to a constant at late times. For negative
χ in an α < 3/2 disc wc has a singularity at t = τw and the
corotation torque is unbound. Thus, longer time evolution
must be considered in the context of dynamical torques on
live (self-consistently migrating) planets.
(iv) If we expand equations (21) and (30) in powers of 1/χ
about zero, the leading order term is of order 1/χ2. Thus,
in our numerical experiments we will scan the χ parameter
by even steps in 1/χ2.
(v) The surface density Σ0 of the disc scales out of the
problem when appropriately nondimensionalized.
It now remains to verify this expression in numerical simu-
lations.
3 NUMERICAL MODEL
3.1 Methods
For models with a live magnetic field, that is where we solve
the induction equation as part of the simulation, we use
NIRVANA3.5 (Ziegler 2004), which includes Runge-Kutta-
Legendre polynomial based second-order accurate super-
time-stepping (Meyer et al. 2012) of the Ohmic diffusion
operator, as previously employed in Gressel et al. (2015),
with a newly implemented orbital advection scheme follow-
ing Mignone et al. (2012). Once we establish the equivalence
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Figure 4. Comparison of the flow streamlines in the coorbital
region with a live magnetic field and a fixed magnetic field demon-
strating that they are equivalent. Left-hand panel: full live mag-
netic field. Right-hand panel: magnetic field fixed at the initial
value.
of a live magnetic field, and an equivalent body force for
the problem studied here we revert to FARGO3D (Ben´ıtez
Llambay & Masset 2015; Ben´ıtez-Llambay & Masset 2016)
for the remainder of the simulations using purely hydrody-
namic flow with a body force equivalent to the spiral mag-
netic field.
In both codes the boundary conditions employed are the
same, combining fixed values at the initial condition on the
boundary with damping zones in the style of de Val-Borro
et al. (2006) driving all values towards the initial condition
in an azimuthal ring close to the boundary, for a variable f
with initial value f0 this is:
df
dt
= − f − f0
τ
[erf(2x)]4 , (32)
where erf is the error function and x varies linearly between
1 and 0 from the edge of the domain to the inner edge of
the damping zone, and the damping time-scale τ is 0.1 local
orbits. These damping zones have the radial width 0.1 at
the inner boundary, and 0.2 at the outer boundary. As when
χ , 0 gas flows radially through the domain, the damping
of the density field back to the initial condition provides the
needed mass source and sink. The background disc model
derived in Section 2.1 is not in exact equilibrium. Hence,
we allow the initial condition to relax for 10 orbits before
introducing the planet potential.
3.2 Equivalence of live and fixed magnetic fields
To demonstrate the equivalence of live magnetic field, mod-
elled with the induction equation in full resistive magneto-
hydrodynamics, and an equivalent body force to the initial
condition field equations (4) and (5), we run a single model
with a low χ value. To keep the disc model stable with a
live magnetic field, we found it necessary to choose parame-
ters such the the plasma beta at the inner boundary remains
high. As such, we employ a surface density profile Σ = r0 and
a locally isothermal temperature profile c2s = h = (0.05)2r−2.
0 5 10 15 20 25 30 35 40
Time [Orbits]
−5
−4
−3
−2
−1
0
Γ/
Γ 0
Figure 5. Comparison between live magnetic field and equiva-
lent hydrodynamic body force models demonstrating that they
are equivalent. Blue: full live magnetic field. Dashed green: hy-
drodynamic model with an equivalent body force.
A planet mass ratio q = 2 × 10−5 is used to maximize the
width of the corotation region, with smoothing of rs = 0.4h.
The grid extends in radius [0.19619, 1.767] with radial reso-
lution 512 cells and azimuthal 1536 cells both evenly spaced.
The magnetic field has a plasma beta at the planet position
of β0 = 10 and χ = 1, this produces a significant flow past the
planet position. We show comparisons in two stages. First,
we compare the the flow pattern in the coorbital region for
a full MHD calculation with a live magnetic field, and a cal-
culation with the magnetic field fixed to the initial condition
value, in Fig. 4, at t = 40 orbits. These can be seen to be
very similar. Then, we replace the fixed magnetic field with
a body force exerting the same Lorentz force as the fixed
magnetic field and show the resulting planet torque history
is shown in Fig. 5. Once the planet is introduced at 10 or-
bits, the torque evolution is nearly indistinguishable. Thus,
for the rest of this paper we continue our experiments us-
ing only purely hydrodynamic models with such an applied
body force.
3.3 Torques with an equivalent body force
Having established that the magnetic field does not locally
respond to the flow around the low mass planet, we proceed
with models tuned to testing the torque formula presented in
Section 2.2.2. These are purely hydrodynamic models that
use only a body force given as the Lorentz force produced by
the magnetic field equations (4)-(5). We employ FARGO3D,
on the same domain as in the previous section with reso-
lution Nr, Nφ = [2048, 6144] and a lower mass planet with
q = 5 × 10−6 corresponding to a planet of 1.7 M⊕ orbiting
a solar mass star. A shallow density profile of Σ = r−1/2 is
set and the disc is globally isothermal with c2s = 0.05 so that
the only vortensity source is provided by the body force.
We scan χ as −10√2, −10, −5√2, 5√2, 10, and 10√2. To nu-
merically realize the flow with negative values of χ, we use
the equivalent body force which would be produced with a
negative value of η in equation (5).
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Figure 6. Flow in the corotation region for χ = 5
√
2 at T =
1000 orbits with streamlines of velocity in the frame of the planet
drawn in blue, and absolute vortensity shown in the colour map.
Note both the high vortensity of the libration region, and the
asymmetrical shape.
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Figure 7. Cut across the corotation region for χ =
√
2, opposite
of the planet position, showing vortensity at T = 1000 orbits. The
vortensity on the librating streamlines in the corotation region
has been driven by the Lorentz force, while upstream the disc
remains at its initial vortensity, and downstream the material
which has passed by the planet on flow-through streamlines has
continued to spiral towards the star. At approximately r = 0.96
the transition between material which has passed the planet once,
and material which was interior to the planet at the beginning of
the simulation is evident.
Aside from the spiral wake, the planet barely affects
the density distribution of the disc, but the trapped mate-
rial on librating streamlines in the corotation region grad-
ually evolves. For the positive χ values, the vortensity in-
creases with time and the libration region has an asymmet-
rical shape. This is shown in Fig. 6, where for the χ = 5
√
2
model the vortensity and streamlines are shown after 1000
orbits. In more detail, a cut opposite the planet position, or
equivalently at the bottom of Fig. 6, is shown in Fig. 7. This
shows in detail the well-mixed top-hat like distribution of
vortensity in the corotation region, and how the surrounding
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Figure 8. Torque histories for low mass planets, scan of χ pa-
rameter. Top panel: χ = ±5√2, Middle panel: χ = ±10, Bottom
panel: χ = ±10√2 Solid lines: positive χ. Dashed lines: negative χ.
Dot–dashed lines: Analytical curve predicted from equation (21),
with an arbitrary position on the vertical axis.
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disc flows past the planet unmodified, simply shifted in by
the single pass near the planet on the flow-through stream-
lines. Here it is evident again how this effect differs from
viscous desaturation of the corotation torque - the sharp
edges in vortensity here are only preserved because of the
very low numerical viscosity.
Comparisons of the evolution of the total torque in this
suite of simulations with the theory given by equations (21)
and (30) are presented in Fig. 8. The χ = 10
√
2 case is the
subject of a resolution study presented in Appendix B. High
resolution is needed in the corotation region to preserve the
growth of the vortensity on librating streamlines.
4 DISCUSSION
Our reduced model of the dead zone assumes that the coro-
tation region is relatively unaffected by the action of the
wind and accreting surface layers of the disc. Although in
isothermal hydrodynamic models it is found that the fluid in
the corotation region rotates in the same sense at all heights
above the mid plane (Masset & Ben´ıtez-Llambay 2016), the
much higher densities in the dead zone mean that the low-
density flow in the active one cannot exert a large Reynolds
stress at the vertical active-dead (or more precisely magnet-
ically coupled-uncoupled) interface. Precisely verifying this
will require running full three dimensional magnetohydro-
dynamic models explicitly including Ohmic, ambipolar, and
Hall terms, and sufficiently self-consistent ionization chem-
istry.
Hall-stress enabled corotation torques differ from coro-
tation torques that arise because of viscous desaturation.
Fundamentally, the difference occurs because in a very low
or zero viscosity situation, the corotation region has a very
long memory of the vortensity sources applied to it. Viscous
desaturation of the corotation torque relies precisely on re-
moving this long memory, by mixing the vortensity of the
corotation region with that of the surrounding disc across
the flow separatrix at the edge of the libration island. We
present the following explanation to clarify how the coro-
tation torque on a low mass planet differs in viscous discs
versus laminar discs with magnetic torques.
(i) Ignoring radial motion of the planet or disc material, a
sustained corotation torque in an isothermal disc arises when
a vortensity gradient exists across the horseshoe region. In
the absence of viscosity, any vortensity gradient present ini-
tially across the horseshoe region is removed through phase
mixing by the horseshoe motion, saturating (switching off)
the corotation torque. Viscosity is required to maintain the
vortensity gradient in the disc and prevent the saturation
of the corotation torque, which it does by diffusing vorten-
sity across the horseshoe region and across the boundary
between the horseshoe region and the surrounding disc. In a
steady disc, this corotation torque is independent of time
and depends only on the local disc and planet parame-
ters. This is the viscously desaturated corotation torque
that has been considered in numerous earlier studies (e.g.
Paardekooper & Papaloizou 2009).
(ii) When radial motion of the disc material due to a mag-
netic torque and/or radial migration of the planet is consid-
ered in an inviscid isothermal disc, then a corotation torque
can arise because of the existence of flow-through stream-
lines, distortion of the geometry of the horseshoe region and
evolution of the ratio of the inverse vortensity in the corota-
tion region to that in the surrounding disc, wc/wd. Consid-
ering the case of a non-migrating planet and a magnetically
torqued disc that leads to inflow of the gas at a spatially
and temporally constant rate, the magnetic torque will cause
wc/wd to evolve with time, leading to continuous time evolu-
tion of the corotation torque as expressed by equation (21).
The absence of viscosity prevents any mixing of vortensity
between the corotation region and the surrounding disc, en-
suring that wc and wd evolve independently of one another,
and hence there is no steady corotation torque in this case.
Furthermore, at any point in time the value of wc/wd, and
hence the corotation torque, depends on the integrated his-
tory of the magnetic torques that have been applied to the
corotation region, such that it retains memory of the initial
conditions and past evolution.
(iii) We can now consider the case of a steadily accreting
viscous disc in which the surface density and radial veloc-
ity profiles are identical to those in the laminar, magneti-
cally torqued disc discussed above (Masset 2001). The net
torque acting at each radius in this hypothetical viscous disc
is identical to that in the magnetically torqued disc, and so
the arguments leading to the development of equation (21)
apply equally to this case. The fundamental difference be-
tween the viscous and non-viscous disc, however, is that an-
gular momentum and hence vortensity are transported dif-
fusively in the viscous disc, such that any evolution of the
ratio wc/wd that might arise because of local torques acting
is counterbalanced by diffusive mixing of the vortensity be-
tween the corotation region and the surrounding disc. This
diffusion continuously drives wc/wd → 1, such that the dy-
namical corotation torque given by equation (21) is equal
to zero. The corotation torque operating in this case is then
just the viscously desaturated version described above. This
discussion indicates that if viscosity was introduced into our
simulations with a non-migrating planet, and increased such
that it dominates over the magnetic torque, the corotation
torque would saturate to a steady value.
The corotation torque effect in a laminar magnetically
torqued disc, or moreover the effect on the evolution of the
vortensity of the corotation region due to Hall-effect driven
magnetic fields, is fundamentally related to the dynamical
corotation torque experience by a migrating planet as pre-
sented by Paardekooper (2014). Both are in the end due to
the relative radial movement of the planet and disc mate-
rial. In terms of the corotation torque, negative χ values are
equivalent to inward migration of the planet, and positive
χ values are equivalent to outward migration of the planet.
Thus, we can consider what the runaway inward or outward
migration, or stopping scenarios are under the joint action
of corotation and Lindblad torques in a disc with a radial
flow induced by a magnetic torque. The appropriate form
for a unified torque is
Γhs = 2pi
(
1 − wc(t)
w(rp)
)
Σpr2p xsΩp
[
drp
dt
− vr
]
(33)
where the response of the planet changing its migration rate
will prevent the torque from growing without bound.
There are three different discriminants that determine
how equation (33) behaves; the sign of χ (equivalently −vr ),
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the sign of drp/dt and the sign of [drp/dt − vr ]. Here we dis-
cuss the situation of a disc with a surface density slope that
is shallower than α = 3/2, and suppose that the planet is ini-
tially migrating inwards, presumably under the influence of
Lindblad torques. Before discussing what happens for values
of χ , 0, we first recall what happens for a planet migrating
in an inviscid disc without any magnetic torque acting.
The vortensity profile in a quasi-Keplerian disc scales
according to (∇ × v)/Σ ∼ Ω/Σ ∼ (Ω0/Σ0)rα−3/2. Hence, the
inverse vortensity scales as w ∼ r3/2−α, such that w decreases
as one moves closer to the star. When no magnetic torque
acts, vr = 0 in equation (33), and as the planet migrates
inwards (preserving the inverse vortensity of the material
in the corotation region, wc) the ratio wc/w(rp) increases
above unity and the corotation torque becomes increasingly
positive, slowing the inwards migration. Now we consider
what happens when χ , 0.
(i) For positive values of χ, that is inwards moving disc
gas, if the planet is moving inwards faster than the disc gas,
then [drp/dt − vr ] < 0, and the evolution will initially be
similar to the case described above with χ = 0. The coro-
tation torque will increase as the planet migrates inwards,
but the magnetic torque will act to slowly decrease wc(t) in
equation (33), such that the corotation torque will not in-
crease as quickly as it would with χ = 0. Nonetheless, the
increasing corotation torque slows the planet migration until
drp/dt = vr , after which the corotation torque switches off
and the planet migrates inwards at the same speed as the
inflowing gas.
(ii) For positive values of χ and |vr | > |drp/dt | (i.e. disc
gas moving inwards more quickly than the planet), we have
[drp/dt − vr ] > 0. Now the magnetic torque causes wc to de-
crease quickly relative to w(rp), the first term in parentheses
in equation (33) is positive and increasing, giving a positive
and increasing corotation torque. The inwards planet mi-
gration can thus be halted and reversed, leading to runaway
outwards migration because the corotation torque increases
as drp/dt increases.
(iii) For negative values of χ the disc gas is moving out-
wards, and for a planet initially migrating inwards [drp/dt −
vr ] < 0. The inwards migration causes wc/w(rp) to increase
above unity, and the magnetic torque also acts to increase
wc. Hence, the corotation torque is positive and increas-
ing such that the migration can be stopped and reversed.
The outward migration speed of the planet increases until
drp/dt = vr , and the corotation torque then switches off,
leaving the planet to migrate along with the outwards flow-
ing gas.
(iv) If χ < 0, and for some reason the planet is ini-
tially able to migrate outwards faster than the disc gas,
then [drp/dt − vr ] > 0. Because of the background inverse
vortensity profile, outwards migration of the planet causes
the first term in parentheses in equation (33) to increase
towards unity, giving a positive corotation torque that can
cause a runaway because Γhs scales with drp/dt.
We note that if the slope of the surface density is steeper
than α = 3/2, then the background disc vortensity increases
outwards. The dynamical corotation torque on its own now
exhibits a positive feedback on migration (Paardekooper
2014). Likewise, the combined torque in equation (33) results
in a feedback which always drives planets inwards. Finally,
our analysis in this work has been limited to barotropic discs,
but the extension of dynamical torques to radiative baro-
clinic, and viscously accreting discs has been considered in
Pierens (2015) and Pierens & Raymond (2016) where an ad-
ditional corotation torque effect due to a entropy contrast
dynamically built up in the librating streamlines has been
shown. Likewise, in a baroclinic disc with laminar magnetic
torques we expect additional thermodynamic contributions
to the corotation torque to arise.
5 CONCLUSIONS
We have demonstrated that a midplane laminar Hall-
enabled Maxwell stress that drives radial flow (either radi-
ally inwards or outwards) results in a sustained and growing
corotation torque on low mass planets. For a planet held on
a fixed orbit in a globally isothermal disc, we can accurately
account for this torque in terms of the vortensity source due
to the action of the magnetic field on the material trapped
in the libration region. Furthermore, we have proposed that
this effect due to the radial motion of the disc gas past the
planet and the dynamical corotation torque due to the ra-
dial motion of the planet past the disc can be unified into
a single treatment. We have suggested that when laminar
Maxwell stress drives accretion in the midplane, the radial
migration of low mass planets can be slowed or reversed, and
possibly run away outwards even in an inviscid disc. These
predicted behaviours will be tested in a study of planets mi-
grating in discs that sustain radial flows in their midplanes,
to be presented in a forthcoming paper.
One overarching lesson of this work and Paardekooper
(2014) is that in low viscosity environments, the corotation
torque is not determined instantaneously by local disc condi-
tions. Instead, it reflects a significant hysteresis, or memory
effect, of the history of the forcing of the corotation region.
This behaviour cannot be captured using an instantaneous
torque formula as commonly applied to lower dimensional
models of planet migration in viscous discs (Paardekooper
et al. 2010, 2011).
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APPENDIX A: VORTENSITY CONSERVATION
AND SLOW MIGRATION
In this appendix we discuss the symmetry between the ac-
tion of the body force in causing the gas to flow past the
planet, and a radial migration of the planet past the gas.
This allows us to establish the conditions where we can
appeal to vortensity conservation to derive an estimate of
the corotation torque in analogy with the case of a moving
planet. First we transform the continuity and momentum
equation into a time-dependent coordinate system, where
the radial coordinate translates with time. This allows a
vortensity-like quantity to be constructed, although one
which has a source term related to the radial motion of the
coordinate system. Locally, this can be related to the Lorentz
force generated by the laminar magnetic field. We can then
examine the conditions where the source term only leads
to a small non-conservation of the vortensity-like quantity
(or that this quantity and the actual vortensity are approx-
imately equal). This reduces to the condition that χ  1 or
that the planet migration rate is slow.
We start with the continuity equation and momentum
equation in two dimensions
∂
∂t
Σ + ∇ · (Σv) = 0 (A1)
∂
∂t
v + (v · ∇)v + ∇p
Σ
= −∇Φ (A2)
where Φ is the gravitational potential and the gas is isother-
mal with p = c2sΣ. With a cylindrical coordinate system (r, φ)
the velocity vector is v = (vr, rΩ)T .
To change to a radially moving coordinate system de-
fine a new radial coordinate r ′ = r/r1(t) where the reference
position r1 = r0 + v1t with v1 a constant velocity. The cylin-
drical gradient operator ∇ becomes ∇′ where r is replaced
by r ′ and both components of the velocity u′ = (ur, r ′Ω)T
have units of angular velocity, with
ur =
vr − r ′v1
r1
. (A3)
Defining Σ′ = r21Σ, the continuity and momentum equations
in the time-dependent coordinate system are:
∂′
∂t
Σ′ + ∇′ · (Σ′u′) = 0 (A4)
∂′
∂t
u′ + (u′ · ∇′)u′ + ∇
′p′
Σ′ = −
∇′Φ
r21
− 2 v1
r1
u′ (A5)
These can now be used to form an equation for the evolution
of vortensity defined as ξ ′ = (∇′ × u′)z/Σ′, which is
∂′
∂t
ξ ′ + u′ · ∇′ξ ′ + 2 v1
r1
ξ ′ = 0 . (A6)
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Figure B1. Torque histories for the χ = 10
√
2 at varying res-
olutions. Grid resolutions are Light green: Nr , Nφ = [256, 768]
Red: Nr , Nφ = [512, 1536] Blue: Nr , Nφ = [1024, 3072] Black:
Nr , Nφ = [2048, 6144]
Vortensity is therefore not conserved along streamlines in
this coordinate frame because of the source term. The im-
portance of the source term can be established by noting
that it can be removed by transforming into the quantity
ξ ′′ = ξ ′(1 + v1t/r0)2 which has the evolution equation
∂′
∂t
ξ ′′ + u′ · ∇′ξ ′′ = 0 . (A7)
The vortensity-like quantity ξ ′′ is thus conserved. Hence we
are interested in a condition for ξ ′ ≈ ξ ′′ on the relevant scales
for the corotation torque, since in this case we can take the
source term in (A6) to be unimportant. From expanding ξ ′′
in powers of v1t/r0 we can see that radially, on the scale of
the corotation region ∼ 2xs the fractional change in ξ ′′ is
∼ 2xs/r1. Thus we want 2xs/r1  2v1t/r0. If we take the
time-scale for the motion on the right hand side of this ex-
pression to be the libration time-scale τlib ∼ r0/(Ωxs) we find
that it reduces to the χ  1 condition, or equivalently the
slow migration condition as appears in Masset & Papaloizou
(2003) and Paardekooper (2014). Therefore, when χ  1, we
can take vortensity to be conserved both in the case of a mi-
grating planet in a non-accreting disc and a static planet in
a disc with an accretion flow past the planet.
APPENDIX B: RESOLUTION STUDY
Fig. B1 shows the resolution dependence of the Lindblad
torque, and damping of the libration oscillations, and the
gradual increase in the slope of the growing corotation
torque due to the vortensity growth of the libration region.
This gradually steepening growth of the corotation toque is
due to the lesser degree of numerical diffusion smearing the
vortensity jump at the edge of the corotation region.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–12 (2017)
